Part I
The work of T. Kawai
Publications of Professor Takahiro Kawai
Papers [1] On the theory of Fourier hyperfunctions and its applications to partial differential equations with constant coefficients, J. On the global existence of real analytic solutions of linear differential equations, I, Proc. Japan Acad., 47 (1971) , 537-540. [8] On the global existence of real analytic solutions of linear differential equations, II, Proc. Japan Acad., 47 (1971) , 643-647. [9] Construction of local elementary solutions for linear partial differential operators with real analytic coefficients (I) 
Part 1 -Microlocal analysis and differential equations
Nobuyuki Tose Center for Integrative Mathematical Sciences, Keio University, Japan
Takahiro Kawai talked about his first encounter with the theory of hyperfunctions recently on an occasion of 70th birthday of Hikosaburo Komatsu. We start, however, the story at the time before this encounter. After Mikio Sato invented the theory of hyperfunctions together with the notion of local cohomology groups in 1957, the theory did not prevail until Komatsu gave lectures in US and Europe. Kawai's experience with the theory began when Komatsu gave an invited talk on an annual meeting of the Mathematical Society of Japan around 1967. This invited talk by Komatsu was given just after his return to Japan from his long mission abroad and really fascinated Kawai so that he left all of his belongings in the conference room. At this point, Kawai's career as mathematician might have been oriented. The name of Kawai remains in the note taken for the lectures given by Komatsu during the Japanese Academic year 1967/68 on Sato's hyperfunctions, in which we can now trace back the enthusiastic activities of Komatsu and his students. It is indeed in this period when Sato returned to the University of Tokyo. At that time the activities of Komatsu and his young followers called Sato back to the theory of hyperfunctions and Sato has established the notion of microlocal analysis, local analysis on the cotangent bundle. In fact, Sato was inspired by the work of Fritz John on the plane wave decomposition of the delta functions to derive the notion of microfunctions in 1969. What is more, in this period Maslov and Egorov discovered transformation theory of pseudo-differential operators which are compatible with contact transformations, which were reformulated later as quantized contact transformations and Fourier integral operators. In these splendid days, Kawai compiled, with Sato and Masaki Kashiwara, a historical volume called SKK, in which they proved the most important and fundamental theorem in microlocal analysis. They showed a general overdetermined system of pseudo-differential equations is microlocally a direct sum of partial de Rham systems, partial CauchyRiemann systems, and Lewy-Mizohata systems. Here the expression "microlocally" means that systems are transformed by quantized contact transforma-tions. It is a remarkable fact that SKK constructed the theory including the construction of quantized contact transformations very algebraically in the ring of pseudo-differential operators using the division theorems of operators. Here at this point, this theory by SKK and a corresponding result in the C ∞ category by Lars Hörmander and J.J. Duistermaat have opened a door to a new era of analysis.
We go back to the time a little before SKK to explain Kawai's important contribution to the theory of hyperfunctions, in particular to partial differential equations. His master thesis is to construct the theory of Fourier hyperfunctions, with which he obtained many splendid results for partial differential equations with constant coefficients in the space of hyperfunctions. He proved many results on existence, ellipticity, hyperbolicity, propagation of regularities, and unique continuation properties. After these results, Kawai went further to the case where operators are variable coefficients. Actually, he succeeded in constructing fundamental solutions to the Cauchy problems for operators with simple characteristics. This result is based on Yusaku Hamada's result on the Cauchy problems in the complex domain with singular Cauchy data and made a dream of Jean Leray really happen. The dream of Jean Leray was to construct fundamental solutions to partial differential operators by integrating their holomorphic solutions. In fact, Kawai's construction utilized the plane wave expansion of delta functions to construct holomorphic solutions for plane wave as initial data.
One of the most general theorem for microfunctions solutions to pseudodifferential operators is due to Kawai and Kashiwara. They introduced microhyperbolic directions for pseudo-differential operators and obtained a very fundamental result on the solvability and the propagation of support for microfunction solutions. Their construction is based on the analytic continuation of holomorphic solutions across non-characteristic real hypersurfaces, which also realized a philosophy of Jean Leray. This method has been the most basic in studying microfunctions (or hyperfunctions) solutions to linear PDE with real analytic coefficients, and underlying geometric construction together with microhyperbolic direction entailed much later the microlocal study of sheaves due to Kashiwara and Pierre Schapira. Moreover this result by Kashiwara and Kawai was so decisive that it was reformulated in many ways. I have a good story to explain this. In fact, I was very surprised to hear the word "Kashiwara-Kawai" in a talk by Gilles Lebeau on boundary value problems with singular boundary. Lebeau mentioned these two names since he utilized an estimate obtained when microhyperbolic problems are reformulated in the framework of FBI transformation.
We can't overestimate Kawai's significant contribution to the theory of boundary value problems in the space of hyperfunctions. Kawai showed with Komatsu that any hyperfunction on a half space has its boundary value as a hyperfunction if it satisfies a non-characteristic differential equation. Furthermore he constructed with Kashiwara a beautiful theory of boundary value problems for elliptic systems of differential equations. It should be stressed that the boundary can be higher codimensional in this theory. I found, as a young student, the theory really revolutional since hyperfunction solutions near the boundary are related to microfunction solutions to tangential systems on the microlocal region corresponding to the boundary. This theory enjoyed applications in many ways such as extension and solvability of differential equations.
To conclude this part, I would like to devote two paragraphs to Kawai's contributions to holonomic systems. We can trace back to the idea of holonomic systems to a colloquium talk by Sato in the Department of Mathematics at the University of Tokyo. Sato proposed to control Riemann functions or, in other words, fundamental solutions by means of systems of differential equations. This dream of Sato came true in SKK and in the master thesis by Kashiwara. In SKK, the characteristic varieties of systems of (pseudo-)differential equations are shown to be involutive. This shows that maximally overdetermined systems of differential equations, later called holonomic systems are with Lagrangean characteristic varieties. In SKK, holonomic systems with simple characteristic are classified microlocally in a beautiful way and are utilized in a systematical way to control quantized contact transformations. On the other hand, in the master thesis by Kashiwara, the finite dimensionality of solution complexes are shown. From this result, holonomic systems has been considered to be an higher dimensional counterpart of ordinary differential equations. By the way, we should also make a stress on another Kawai's contribution to holonomic systems applied to the Feynman integrals. He considered, with Kashiwara, the Feynman integrals as solutions to holonomic systems to propose a very new insight both to mathematics and physics. I would like to mention that a continual collaboration of Kawai with Henry Stapp has given rise to important result in this direction.
Kawai also compiled with Kashiwara in 1981 a bible of holonomic systems with regular singularities from the viewpoint of microlocal analysis, in which they proved the most fundamental properties of regular holonomic systems. There is an astonishing result shown in this volume. All holonomic systems can be transformed into holonomic systems with regular singularities with the aid of differential operators of infinite order. This result was quite new in the sense that even the case of ordinary differential equations had not been discovered before Kashiwara and Kawai.
The work of T. Kawai on hyperfunction theory and microlocal analysis Part 2 -Operators of infinite order and convolution equations
Takashi Aoki Department of Mathematics, Kinki University, Japan Takahiro Kawai has been interested in operators of infinite order and convolution equations from the beginning of his research career and he made significant contributions in these areas as well as in the theory of partial differential equations. He uses operators of infinite order most effectively in various fields and obtains a number of remarkable results.
His first paper [1] devoted to the theory of Fourier hyperfunctions and convolution equations was published in 1970. Here he introduces the sheaf of Fourier hyperfunctions and defines Fourier transformation for Fourier hyperfunctions. As applications, he discusses convolution equations and extends many results known in the Schwartz distribution theory to hyperfunctions. They are not only extensions, but have the most natural and beautiful forms. He also extends results known for partial differential equations of finite order to equations of infinite order. For example, microlocal ellipticity for linear partial differential operators with constant coefficients is extended to local convolution operators, namely, partial differential operators of infinite order with constant coefficients. He defines the characteristic set for a convolution operator S * associated with a hyperfunction S supported by the origin and proves that the singularity spectrum (i.e., the support as a microfunction) of any hyperfunction solution u of the equation S * u = f , f being a given hyperfunction, is contained in the union of the characteristic set and the singularity spectrum of f . This is a natural extension of Sato's fundamental theorem to differential operators of infinite order with constant coefficients. That theorem of Sato declares the same statement for differential operators P (x, D) of finite order with real analytic coefficients. Although the statements of these two theorems are similar, defining the characteristic set for the convolution operator S * requires deep consideration of entire functions of infra-exponential type. This theorem of Kawai is extended to the analytic coefficient case in [74] , which presents some conditions on a linear differential operator P of infinite order with holomorphic coefficients that guarantee the finiteness of the di-mensions of the kernel and the cokernel of the map P : Ç C n ,0 → Ç C n ,0 , where Ç C n ,0 denotes the germ at the origin of the sheaf of holomorphic functions on
In the epoch-making collaboration of M. Sato, T. Kawai and M. Kashiwara [19] in microlocal analysis, micro-differential ("pseudo-differential" is used there) operators of infinite order play an important role. One of the main theorems of [19] is that, in the complex domain, systems of partial differential equations with constant multiple characteristics can be transformed to a system with simple characteristics. One cannot obtain such a clear and beautiful theorem without using operators of infinite order. Similarly, in [60] , the structure of general holonomic systems is clarified by using operators of infinite order. For any holonomic system Å , its regular part Å reg is defined as a holonomic system with regular singularities and it is proved in [60] that
Here ∞ (resp. ) denotes the sheaf of micro-differential operators of infinite order (resp. micro-differential operators of finite order). This isomorphism implies that irregular singularities can be reduced to regular singularities by using operators of infinite order.
The notion of holonomic systems of (micro-)differential equations of finite order was introduced by Sato and it has been one of fundamentals in algebraic analysis. Kawai extends the notion to systems of (micro-)differential operators of infinite order and obtains the notion of R-holonomic systems. In [65] and [68] , he establishes, with Sato and Kashiwara, some basic properties concerning finite dimensionality of solution spaces or solution complexes of systems of differential equations of infinite order for the Jacobi theta zerovalues and their generalizations which have R-holonomicity. These works extend considerably the results of Sato given in a short paper [S] . Also, these works have a link with [63] , a collaboration with L. Ehrenpreis, where some conditions are given that characterize a distribution which is a sum of distributions supported by the integral points and whose Fourier transform is again of the same form. As an application, another proof is given for the classical theorem of Hamburger on the characterization of the Riemann zeta function. After these works, Kawai (and his collaborators Kashiwara, Takei, Berenstein, Struppa and Aoki) published several papers concerning differential equations of infinite order ( [64] , [69] , [74] , [75] , [77] , [82] , [88] ). In [88] , some parts of [64] , [65] are extended to higher dimensional case, that is, the structure of some cohomology groups is determined which are associated with the theta-zerovalue
of the Riemann theta function.
In [69] and [77] , Kawai gives a short and elegant proof, based on microlocal ellipticity of differential operators of infinite order, of the classical Fabry gap theorem and its generalization. In the simplest case, his theorem can be read as follows: Suppose that for a real positive sequence {a n }, the series
converges locally uniformly in the upper-half plane Im x > 0 and defines a holomorphic function f there and that this series is "lacunary" in the sense that n/a n converges to 0 when n tends to the infinity and |a n −a m | ≥ c|n−m| for some c > 0. If f is analytically continued to a neighborhood of the origin, then f has an analytic continuation to Im x > −δ for some δ > 0. His idea of proof is to consider f as a solution of an infinite-order differential equation P f = 0 with
He observes that the characteristic set of this operator coincides with iR. This means that P is microlocally elliptic outside iR. Combining this fact and the theory of microhyperbolic systems due to Kashiwara and Schapira [KS] , he obtains the analytic continuation of f . The idea is based on an observation by L. Ehrenpreis [E] , which suggests that one can understand the Fabry gap theorem for one complex variable from the viewpoint of convolution operators, but Kawai is the first mathematician who has carried out this idea. A generalization of his theorem to higher dimensional problem is given in [101] , [102] , which are collaborations with C. A. Berenstein and D. Struppa. His interest in natural boundaries of holomorphic functions continues to [109] , where he discusses several examples of differential equations, not only linear of infinite order, but also non-linear, and gives several observations on the relation between natural boundaries and differential equations. Also, his interest in differential equations of infinite order extends to [114] , [116] , which connect the exact WKB analysis with operators of infinite order.
The work of T. Kawai on exact WKB analysis -The pioneering work which combines two major fields "microlocal analysis" and "exponential asymptotics" -
Yoshitsugu Takei
Research Institute for Mathematical Sciences, Kyoto University, Japan
The year 1989 is a turning point in the research activities of T. Kawai. In 1989, inspired by the report of Pham [P], M. Sato organized a seminar on "algebraic analysis of singular perturbation theory" and Kawai joined it as one of the chief participants. The subject of [P] is to understand Zinn-Justin's work [Z] from the viewpoint of exact WKB analysis initiated by Voros [V] or, equivalently, in the framework of Ecalle's theory of resurgent functions [E] which is expected to provide mathematical foundation of exact WKB analysis (cf.
[DDP]). At that time both Sato and Kawai must have recognized that the following intimate relationship should exist between exact WKB analysis and microlocal analysis: In the cotangent bundle, a typical field of microlocal analysis, the role of the base manifold and that of the fiber are not fully interchangeable. For the fiber (i.e., cotangential component) only its direction is relevant. In other words, the dimension of the fiber is essentially smaller than that of the base manifold by one. (This asymmetry originates from the fact that "modulo analytic functions" is assumed at the beginning of discussions in microlocal analysis.) Exact WKB analysis can then be considered as an attempt to retrieve this lost one dimension of the fiber, because not only the behavior near infinity of a Borel transformed WKB solution but also its global structure as an analytic function are relevant in exact WKB analysis. As Kawai himself refers in an article written in Japanese, he started his research on exact WKB analysis with having this relationship between exact WKB analysis and microlocal analysis in mind and, in addition, dreaming that algebraic analysis of singular perturbation theory would help us to establish the structure theorem for non-linear differential equations in some future.
Thus Kawai has been engaged mainly in the research of exact WKB analysis or algebraic analysis of singular perturbation theory since 1989. He also continues his research on microlocal analysis and mathematical physics even after 1989: For example, the joint work with Struppa and Berenstein on holomorphic solutions and their exponential representations of linear differential equations of infinite order ( [86] , [90] , [101] , [102] , [110] ; here and in what follows [j] designates the reference [j] in Publications of Professor Takahiro Kawai), the long-lasting joint work with Stapp on infra-red divergence problem in quantum electrodynamics from the viewpoint of microlocal analysis ( [92] , [96] , [97] , [98] , [104] , [113] ), and so on. In what follows, however, I would like to recall and briefly explain the work of Kawai on exact WKB analysis only, as it is the principal theme in the latter part of his research activities.
